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Part - 1

Method to find solution of
Fredholm integral equation

with examples
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Fredholm Integral Equations

An equation of the form

b
a(x)y(x)=1~f(x)+A / K (x.t) y(t) dt, (1)

where o, f, K are given functions and A, a, b are constants, is known as a
Fredholm integral equation.

The function y (x) is an unknown function to be determined.

When f = 0, the equation (1) is called a homogeneous Fredholm
integral equation.
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Fredholm Integral Equations

The given function K (x, t), which depends upon the variables x and t, is

known as the kernel of the integral equation.

@ when a = 0, equation (1) is known as a Fredholm integral equation
of the first kind.

@ when o = 1, the equation (1) is known as a Fredholm integral

equation of the second kind.

@ when « is a given function of x (not a constant function), then the
equation (1) is known as a Fredholm integral equation of the third
kind.
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Fredholm Integral Equations

In general, when the function a/(x) is positive throughout the interval

(a, b), the equation (1) can be re-written in an equivalent form

) [

- s

hence equation (1) can be considered an Fredholm integral equation of the

Fy

second kind in the unknown function \/a (x) y (x), with a modified kernel.

That is, if o has same sign in the integral (a, b), one can convert
Fredholm integral equation of the third kind to second kind.
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Separable or Degenerate Kernel (Simple Case)

A kernel K (x, t) is called separable or degenerate if it can be expressed
as the sum of a finite number of terms, each of which is the product of a

function of x only and a function of t only. That is,
n
K(x,t)=> ai(x)bi(t),
i=1

where the functions aj (x), a2(x), ..., an(x) and the functions
by (t), ba(t), ..., b, (t) are linearly independent.
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Fredholm Integral Equations (with separable kernel)

With this kernel, the Fredholm integral equation of the second kind,

b
y(x):f(x)—i—A/ K(x.t) y(t) dt (2)
becomes
n b
Y0 =R +AY @) [ b0y (o) ot 3)
i=1 a

b
Substituting ¢; = / bi (t) y (t) dt in (2), we have a solution given by the
a

formula N
y()=F(x)+A) Gai(x), (4)
i=1
and the problem is reduced to finding the ¢;.
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Fredholm Integral Equations

Substituting (4) in (3), we get

n b n
y(x)—f(x)—i—)\Za,-(x)/ b () {F ()2 can ()} a.
i=1 a k=1

Equating the above equation with the solution given by the formula (4),
we get

n n b n
F()+ A ar (x) = f(x)+AZa,-(x)/ b (0 {F ()42 () } a.
i=1 i=1 a k=1

k=1

— zn:ai (x) {c,- _ /b bi (t) {f(t) +)\zn:ckak(t) }dt} =0.
i=1 a
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Fredholm Integral Equations

Since functions a; (x) are linearly independent; therefore
b n
c,-—/ b,-(t){f(t)—i—/\chak(t)}dt:O, i=1,...,n. (5
a k=1
Denoting

b b
/b,-(t)f(t)dt—f,-, /b,-(t)ak(t)dt—a,-k, (6)

where f; and aj, are known constants, equation (5) becomes
n
c,-—f,-—)\Za,-kck:Q i=1,...,n
k=1

and hence

n
c;—)\Za,-kck:f,-, i=1,...,n. (7)
k=1
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Fredholm Integral Equations

For i =1,2,...,n, we have a system of n algebraic equations for the
unknowns ¢;.

1 —Acaail —Aan — - —Agay, = h
C) — AC1an] — A¢any — -+ — Acpan, = b
Cn — AClanl — ACap — +++ — ACpann = fn
1— danr —Aaio o —Xain c1 fi
—Aan 1—Jdaxn ... —Xaz, (e} f
e . . . . . - . (8)
—Aan1 1— dap cee 1 — Xann Cn fn

= (1-M)C=F.
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Recall that y (x) = f (x) + A>0_; ciai (x).

If the function f (x) is identically zero, (it is the homogeneous Fredholm

integral equation), so each f; = 0 and hence, F = 0. Moreover,

1. et = ="+ =cy, =0 when det(/ — MA) # 0. Hence the equation
possesses the trivial solution y = 0 (unique solution).

2. However, if det(/ — AMA) = 0, at least one of the ¢;'s can be assigned
arbitrarily, and the remaining ¢;’ s can be accordingly determined. In
this cases, infinitely many solutions of the integral equation exist.
Inverses of those values of A for which det(/ — AA) = 0 are known as
eigenvalues and any nontrivial solution of the homogeneous integral
equation is called a corresponding eigenfunction.
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Case : f # 0 but f is orthogonal to each b;, i =

Recall that y (x) = f (x) + A Y 1L, cai (x).

If the function f (x) is not identically zero and f is orthogonal to each b;,
i=1,2,...,n, so each f; =0 and hence, F = 0. Moreover,

1. et = ="+ =cy, =0 when det(/ — MA) # 0. Hence the equation
possesses the unique solution y(x) = f(x).

2. However, if det(/ — AMA) = 0, at least one of the ¢;'s can be assigned
arbitrarily, and the remaining ¢;’ s can be accordingly determined. In

this cases, infinitely many solutions of the integral equation exist.
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Case : f £ 0 and some b; is not orthogonal to f

If the function f (x) is not identically zero and some b; (i =1,2,...n) is

not orthogonal to f, then

1. The equation possesses unique solution, C = (/ — AA)~'F when
det(/ — MA) # 0.
2. Suppose det(/ — AA) = 0. There are two cases :
(a) there is no solution if rank(/ — AA) and rank{(l — MA | F)} are
different.

(b) there are infinitely many solutions if rank(/ — AA) and
rank{(l — XA | F)} are the same.
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Fredholm Integral Equations

Solve the Fredholm integral equation of the second kind

1
y(x) = x+ /\/0 (xt? + x*t) y(t) dt. (9)

Solution: The kernel k(x, t) = xt? + x?t is separable and we can set

1 1
= / t2 y(t)dtv Q= / t y(t)dt7
0 0
Then (9) becomes

y(x) = x + Aax + Aeax?.
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Fredholm Integral Equations

On putting this value in ¢; and ¢, we obtain

1 1 1
caa=-+-Xa+ -,

4 4 5
1 1 1
o= 3 + §)‘C1 + Z)\cz.

Now, after finding the values of ¢; and ¢, we get the solution

y(x) = x+dax+Aox?
240x — 60\x + 80\x?
240 — 120\ — \2

P. Sam Johnson Some Results and Examples on Fredholm Alternative 15/84



Fredholm Integral Equations

Solve the integral equation

1
64 = 2 /0 (3x — 2)t y(t)dt. (10)

Solution: Note that the given equation is a homogeneous Fredholm
integral equation.

Let )
c= / t y(t)dt.
0
Then (10) is reduced to
y(x) = Ac(3x — 2).
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Fredholm Integral Equations

We obtain

1 1
c= / Act(3t — 2)dt = /\/ (3t2 — 2t) dt =0,
0 0

hence y(x) = 0, which is a zero solution. Therefore, the given integral

equation does not possess any eigenvalue or eigenfunction.

Note that here A is the zero matrix and det(/ — AA) =1 # 0.
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Fredholm Integral Equations

Consider the differential equation

1
y(x) = F(x) + A /O (1— 3xt) y(t)dt.

This equation can be written in the form

y(x) = f(x) + A — 3ex)

1 1
where ¢ = / y(t)dt and ¢ = / t y(t)dt.
0 0
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Fredholm Integral Equations

On solving, we get
3 1
a = Me — §C2) —|—/ f(t) dt,
0

1
& = A(%q ~ ) +/ H(£)dt
0

or

1
(1—/\C1+ )\CQ /f
0

1
2= | tr(e)er
0

—f)\c1+ 1+ M)c
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Fredholm Integral Equations

The determinant of (/ — AA) is given by

4 — )2
TR

D(A) =
It follows that a unique solution exists if and only if

A # 2.
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Fredholm Integral Equations

Suppose f = 0. There are two cases:

1. If A # £2 (determinant is non-zero), the only solution is the trivial
solution y(x) = 0.
2. If A = £2, we have a non-zero solution. Then £1/2 are the eigen

values of A.
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Fredholm Integral Equations

If A =42, the system is reduced to
1
—c + 3¢ = / f(t) dt,
0
1
—ca+3c = / tf(t) dt.
0
The system is compatible only if the function f(x) satisfies the condition

1 1 1
/Of(t)dt:/o tf (t)dt or /O(I—t)f(t)dt:O.

If the above condition is satisfied, the corresponding system is consistent,
hence the integral has a solution.
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Fredholm Integral Equations

If A = —2, the system is reduced to
1 1
1 — C = / f(t) dt,
3Jo
1
aq—ca= / tf (t)dt.
0

The system is compatible only if the function f(x) satisfies the condition

1 1 1 1
3/0 f(t)dtz/o tf (t)dt or /0(1—3t)f(t)dt:0.

If the above condition is satisfied, the corresponding system is consistent,
hence the integral has a solution.
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Fredholm Integral Equations

First let us consider the case when f(x) = 0.
If A £ +2, the only solution is the trivial solution.

If A =2, the system gives ¢; = 3¢,. Thus the solution is
y(x) =2c1(1 —x) =c(1—x)

where ¢ is an arbitrary constant. The function (1 — x) and all its non-zero

multiples are the eigen function corresponding to the eigen value A = 1/2.
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Fredholm Integral Equations

If A = —2, the system gives ¢c; = ¢». Thus the solution is
y(x) =2c1(1 —3x) = d(1 — 3x)

where d is an arbitrary constant.

The function (1 — 3x) and all its non-zero multiples are the eigen function
corresponding to the eigen value A = —1/2.
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Fredholm Integral Equations

In the non-homogeneous case, f (x) # 0, a unique solution exists if
A # £2.

If A =2, the algebraic system shows that no solution exists unless f (x) is
orthogonal to 1 — x over the interval (0,1), i.e., unless f (x) is orthogonal

to the eigen function corresponding to A = 2.

If f satisfies the orthogonality condition, then both linear equations are

equivalent. Hence we obtain

1
C1:3C2—/ f(t)dt,
0
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Fredholm Integral Equations

That gives the solution as follows:
1
A=2: y(x):f(x)—2/ f(t)dt+c(1—x)
0

when
/1(1—X)f(x)dX:0. (11)
0

where c is an arbitrary constant. Thus in this case, infinitely many

solutions exist, differing by a multiple of relevant eigen function.
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Fredholm Integral Equations

Similarly, if A = —2 there is no solution unless f (x) is orthogonal to

(1 —3x) over (0,1) in which case infinitely many solutions exist as follows:
2 1
A= 20 y () = F(x)— 3/ F(£)dt+d(1—3x),
0

where
/1 (1—3x)F(t)dt =0 (12)
0

where d is an arbitrary constant.
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Fredholm Integral Equations

Example 4.

Discuss solution of the integral equation

2
y(x) = f(x) + )\/O sin(x + t) y(t)dt

and show that the integral equation
1 27
y(x) = f(x) + %/ sin(x + t) y(t)dt
0

has no solution when f(x) = x, and

has infinitely many solutions when f = 1.
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Fredholm Integral Equations

Here K(x,t) = sin(x 4 t) = sinxcost + cos xsin t.

The corresponding matrix equation (/ — AA)C = F becomes
27
1 =) (o / cost f(t) dt
T K / sint £(t) dt
0
Also, det(l — MA) =1 — \°72.

When det(/ — AA) # 0, the integral equation has a unique solution.

When det(/ — AA) =0, that is, A = £1/7, the given integral equation will

either have no solution or have infinitely many solutions.
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Fredholm Integral Equations

Now we first solution to the homogeneous integral equation

21
y(x) = )\/ sin(x + t) y(t)dt.
0
The corresponding algebraic system is
1 — )\7TC2 =0
At +c = 0.

When A = 1/7, we obtain ¢; = ¢, and hence

y(x) = c(sinx 4+ cosx), where c is an arbitrary constant.

When A = —1/m, we obtain ¢; = —cp, and hence

y(x) = d(sinx — cosx), where d is an arbitrary constant.
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Fredholm Integral Equations
/27T
B cost f(t) dt
Recall that < L MT) <C1> =170

21
—Aro 1 K: / sint £(t) dt
0

When A = 1/7, necessary condition for the system

27
A /0 cost f(t) dt
1 1 = 27
B 2 / sint (t) dt
0
to be consistent is that

2w
/ f(t) (sint +cost) dt = 0.
0

P. Sam Johnson Some Results and Examples on Fredholm Alternative 32/84



Fredholm Integral Equations

When A = —1/7, necessary condition for the system
2
1 1 a) _ /0 cost f(t) dt
-1 -1 C 2
2 / sint f(t) dt
0
to be consistent is that

27
/ f(t) (sint —cost) dt = 0.
0
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The given integral equation

2
y(x) = f(x) + 1/0 sin(x + t) y(t)dt

™

1. has no solution when f(x) = x because

/27T f(t) (sint —cost) dt # 0.
0

2. has infinitely many solutions when f = 1 because

2
/ f(t) (sint — cost) dt = 0.
0
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Thus the integral equation will possess infinitely many solutions given by
y(x) = 14 c(sin x + cos x) + d(sin x — cos x).

That is,
y(x) =14 Acosx + Bsinx,

where A and B are arbitrary constants.
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Part - 2

Solution of the Integral Equation

Using Functional Analysis Techniques
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Solution of the Integral Equation Using Functional Analysis

Techniques

Let v(t) and w(t) be continuous functions on [a, b].

Consider an integral equation of the form

b
x(t) = y(t)+ v(t)/ w(s) x(s) ds. (13)

This integral equation comes up frequently in applications.

We shall first discuss a method to solve the integral equation which leads

to a result.
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Overview

The discussion of solving the integral equation is useful to generalize the

result, even for compact operators on normed spaces.

The generalized result is given as follows and is called “Fredholm

Alternative”. At the end of the lecture, we shall prove the generalized
result.

Theorem 5 (Fredholm Alternative).

Let X be a Banach space and let K be an operator in K(X). Set
A=1— K. Then, R(A) is closed in X and dim N(A) = dim N(A*) is
finite. In particular, either R(A) = X and N(A) = {0}, or R(A) # X and
N(A) # {0}

P. Sam Johnson Some Results and Examples on Fredholm Alternative 38/84



Solution of the Integral Equation

Let v(t) and w(t) be continuous functions on [a, b].

Consider an integral equation of the form
b
x(t) =y(t) + v(t)/ w(s) x(s) ds. (14)
a

Let X = C[a, b], with sup-norm.

For a given continuous function y(t) on [a, b], the problem is to find

a solution x(t) in X.
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Solution of the Integral Equation

Define x;;, : X — K by
b
Xy (X) _/ w(s) x(s) ds. (15)

As |x5,(x)| < c||x||oo, where ¢ = [ |w(s)| ds, hence x{, € X*.

We are now having an element v in X and x}, in X* and K : X — X is an

operator on X defined by
(Kx)(t) = X, (x) v(t) (16)

for the operator equation
x =y + Kx. (17)

Show that K is a linear bounded, rank-one operator. \
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Solution of the Integral Equation

Now clearly, in order to solve
x =y + KXx,

it suffices to find KXx, that is, to find the scalar x,(x).

Since x = y + Kx, x,(x) = x5, (y) + x5 (Kx) implies

X (XL = x5 (V)] = X () (18)
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Case 1 : when x(v) # 1

When x (v) # 1,

xp(x) = ) hence Kx = Mv.
1—x5,(v) 1—x5,(v)

Thus if x(v) # 1, we have a solution

x(t) = y(t) + 1j;kvx(*y()v)v(t).

w
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Case 1 : when x(v) # 1

Concerning uniqueness, we see from that ‘x(j,(x)[l —xp (V)] = x5 (v) ‘ if

y =0, then x;(x) = 0, and hence, so x = 0.

Hence the unique solution of the given integral equation is

JPw(s) y(s) ds

) =0+ T

v(t)

provided fab w(s) v(s) ds # 1.

Note that there is no condition on y when there is a unique solution. But
the condition is that the image of v under xJ, is not equal to 1.
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Case 2 : when x(v) =1

Suppose x,(v) = 1.

By the equation ‘x;"v(x)[l —xp (V)] = x5 (y) ‘ we get that x(y) =0, in
order that the given integral equation has a solution.

So let us assume that

b
Xy = [ ws) y(s) ds =0
a
then xJ,(x) can be any scalar, so that the equation
x=y+Kx=y+x,(x)v

has many solutions provided x;(y) = 0.
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Rank-One Operator

We discussed solutions of the integral equation of the form

b
() = y(£) + v(t) / w(s) x(s) ds (19)
a
where y(t) and v(t) are given continuous functions on [a, b].

The discussion leads to the following result.

Theorem 7.

Let X be a normed space and let A= | — K, where K is of the form
Kx = xi(x)x1

where xq is a given element of X and x{" is a given element of X*.

If N(A) = {0}, then R(A) = X. Otherwise, R(A) is closed in X, and
N(A) if finite dimensional having the same dimension as N(A*).  ra1p-T1
T — S — T — e




Outline of the proof

If x{" or x1 is zero, the proof is obvious. Hence we assume that both are

non-zero.

In order to solve
Ax=x—Kx =y,

it suffices to find Kx, that is, to find the scalar xj(x).

Since x = y + Kx, xj'(x) = x{(y) + x{ (Kx) implies

X ([ =4 (a)l = 1 (y)-
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Case 1 : When x{(x1) # 1, what is N(A) ?

Suppose x € N(A). Then x = Kx, so
X = ax; forsome «.
Now, we have
ax; = x = Kx = K(ax) = axq(x1)x1

implies
a[l - xi"(xl)} x1 =0.

Since xj'(x1) # 1, @ must be zero. Thus N(A) = {0} so A is one-to-one.
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Case 1 : When x{(x1) # 1, what is R(A) ?

When x{(x1) # 1,

xi(x) = () hence Kx = ﬂxl.

-~ 1-x(a) 1—x3(x)

Hence if x;(x1) # 1, we have a solution

X (y)

X=Y+717Xf(xl) 1

For any y € X, if x{(x1) # 1, then there is a unique solution x for the
operator equation

Ax =y.

Thus R(A) = X so A is onto.

P. Sam Johnson Some Results and Examples on Fredholm Alternative 48/84



Case 1 : When x{(x1) # 1, what is N(A*) ?

We use | to denote the identity operator on X* as well. By the definition
of adjoint of K,

(K*x*)(x) = x"(Kx)
= X (x)xg(v).
Suppose x* € N(A*). Then x* = K*x*, so
x* = fBx{ forsome g.
Now, we have
Ax] = x" = K'x" = K*(x{) = Bx*(x1)x{

implies
/3[1 - xf(xl)} X =0,

Since x{'(x1 1, 5 must be zero. Thus N(A*) =40} so A* is one-to-one:
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Case 2 : When x{(x1) = 1, what is N(A) ?

Suppose x € N(A). Then x = Kx, so
X = ax; forsome «.
Now, we have
ax; = x = Kx = K(ax) = axq(x1)x1

implies
a[l - xi"(xl)} x1 =0.

Since xj(x1) = 1, a can be any scalar. Thus N(A) = span{x; }.
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Case 2 : When x{(x1) =1, what is R(A) ?

Let y € X.

In order to solve
Ax=x—Kx =y,

it suffices to find Kx, that is, to find the scalar xj'(x).

Since x = y + Kx, xj(x) = x{(y) + x{ (Kx) implies
X3 ()1 =3 (xa)] = x3 (y)-

If x{'(x1) =1, then x{(y) has to be zero.

To have a solution for Ax = y, the element y cannot be an arbitrary
element in X, but it has to satisfy that xj(y) = 0. In this case, xj(x) is
chosen to be any scalar, hence there are several solutions for y.
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Case 2 : When x{(x1) =1, what is R(A) ?

In other words, we can solve Ax = y only for those y in the set
{y:xi(y) =0} = “{x} [the annihilator of {xf}]

Hence +{x;'} C R(A).

On the other hand, let y € R(A), then y = Ax for some x € X. As
x{(x1) = 1 and Ax = y has a solution, then y €+ {x}}.

Thus
R(A) = x5},
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Case 2 : When x{(x1) = 1, what is N(A*) ?

We use | to denote the identity operator on X* as well. By the definition
of adjoint of K,

(K*x")(x) = x*(Kx) = x, (x)x (v).
Suppose x* € N(A*). Then x* = K*x*, so x* = fx{, for some /3.
Now, we have
Bxi = x" = K*x* = K*(Bx]) = 8x"(x1)x{
implies
5[1 - xf(xl)} X =0,
Since xj'(x1) = 1, 5 can be any scalar. Thus N(A*) = span{x; }.

P. Sam Johnson Some Results and Examples on Fredholm Alternative 53/84



Finite Rank Operator

Next we consider an operator of finite rank. Let the operator K be of the

form

n
Kx = ij‘(x)xj-, xp € X, x € X*.
j=1

Theorem 8.

Let X be a normed space, and let K be an operator of finite rank on X.
Set A= 1 — K. Then R(A) is closed in X, and the dimensions of N(A)

and N(A*) are finite and equal. FA-1(P-3)T-2
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Let {x1,x2,...,Xn} be a basis for R(K). For x € R(K), we have

n
x=3 o
j=1
for some scalars a1, ag, ..., a, (depending on Kx). Let's write
n
X = Z aj(Kx)x;.
j=1
We first claim that any bounded finite rank operator K : X — X is of the
form

n
Kx = ij"(x)xj, for some x; € X, x € X*.
j=1
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Proof (contd...)

Let x € X. Since {x1,x2,...,Xp} is a basis for R(K), so

X = Z aj(Kx)x;.

j=1
Since R(K) is finite dimensional, the norms on R(K) are equivalent.
In particular, [|[Kx|| :=>_7_; [ai(Kx)| and ||Kx| are equivalent.

Hence there exists a constant C > 0 such that

n

> lay(Kx)| < ClIKx].

j=1
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Proof (contd...)

Since K is bounded,
n
> laj(Kx)| < ClIKx|| < ClIK]LIxl,
j=1
so «; is a bounded linear functional on R(K).
By Hahn-Banach Theorem, there are functionals x;* € X* such that
aj(x) = x'(x), forall xe X.
Hence K : X — X is of the form
n
Kx = Z@*(X))g, for some x; € X, x € X*.
j=1

We may take x; and xj‘ are linearly independent in the expression. When
they are not linearly independent, combine them.
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Proof (contd...)

By the definition of adjoint of K, K* is of the form

n
K*x* = Z X* (i )Xk -
k=1
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Case 1 : What is N(A) 7

Suppose x € N(A). Then x = Kx, so x = Y _7_; ajxj, for some scalars

j
a1, q,. .., Q.
n n n n
Doy =x = Kx= 3 (g =D x5 (D owon )
j=1 j=1 j=1 k=1
n n
which implies that Z {og — Zakxj*(xk)}Xj = 0. Since {x1,x2,...,%n}
j=1 k=1
is linearly independent, for each j =1,2,..., n, we have
aj = D p—g akx;(xk) = 0. Hence
1=xi(xa) —x02) - —xi(xa) o
—x3(x1) 1-=-x5(x) -+ —x3(xn) az | 0
—x5(x1) —xi(x2) - 1 —=xk(xn) Qp 0
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Case 1 : When det A # 0, what is N(A) ?

Let
1-xiba) —xi0e) - —xi(x)
—x3(x1) 1=x0x) -+ —x3(xn)
A =
—x;(x1)  —xp(x) o0 1—x5(xa)
We have,
a1 0
A : =
Qp 0

Since det A # 0, we must have all ¢;'s are zero. Thus N(A) = {0} so A'is

one-to-one.
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Case 1 : When det A # 0, what is N(A*) ?

Suppose x* € N(A*). Then x* = K*x*, so x* =1

j—1Bjx;j, for some
scalars 51, B2, ..., Bn.

n

Z@x = x" = K* *—Zx (9)x =Z(Zﬂkxk)(xJ
Jj=1 k=1

which implies that

S {5 — 3 i) b =0,
j=1

k=1

Since {x{,x3,...,x;} is linearly independent, for each j =1,2,...,n

B =D Bixil(x) = 0.
k=1
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Case 1 : When det A # 0, what is N(A*) ?

Hence we have,

Since det A # 0, we must have all ;s are zero. Thus N(A*) = {0} so A*

is one-to-one.
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Case 1 : When det A # 0, what is R(A) ?

Given y € X. Suppose x is a solution of Ax = y.
Then

n
X — ZXZ(X)X;( =y.
k=1

In order to solve

Ax=x—Kx =y,

it suffices to find Kx, that is, to find the scalars x;'(x), x5 (x), ..., x5 (x).

For each j,1 < j < n,

() = 32X (0% (%) = X ().
k=1
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Case 1 : When det A # 0, what is R(A) ?

This implies that Z {(5J-k — xf(xk)}x[f(x) =x'(y), 1<j<n
k=1

Hence
X1 (x) x1(y)
Al s =

X (x) X3 ()

If det A #£ 0, the above system has a unique solution for x,’(‘(x), 1< k<n,
and the solution x is unique because

n
X=y+ Zx,f(x)xk.
k=1
Every y € X has a unique solution. Hence A is surjective.
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Case 1 : When det A =0, what is N(A) ?

Suppose x € N(A). Then x = Kx, so x = Y _7_; ajxj, for some scalars

j
a1, q,. .., Q.
n n n n
Doy =x = Kx= 3 (g =D x5 (D owon )
j=1 j=1 j=1 k=1
n n
which implies that Z {og — Zakxj*(xk)}Xj = 0. Since {x1,x2,...,%n}
j=1 k=1
is linearly independent, for each j =1,2,..., n, we have
aj = D p—g akx;(xk) = 0. Hence
1=xi(xa) —x02) - —xi(xa) o
—x3(x1) 1-=-x5(x) -+ —x3(xn) az | 0
—x5(x1) —xi(x2) - 1 —=xk(xn) Qp 0
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Case 1 : When det A =0, what is N(A) ?

We have,

Since det A = 0, we must have some non-zero solutions for o;'s. Note
that N(A) C Span {x1,x2,...,Xn}.

If the rank of A is ¢ < n, then there are n — ¢ linearly independent
solutions. Thus A is not one-to-one and the dimension of N(A) = n— /.
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Case 1 : When det A =0, what is N(A*) ?

Suppose x* € N(A*). Then x* = K*x*, so x* =1

j—1Bjx;j, for some
scalars 51, B2, ..., Bn.

n

Z@x = x" = K* *—Zx (9)x =Z(Zﬂkxk)(xJ
Jj=1 k=1

which implies that

S {5 — 3 Brio) b =0,
j=1

k=1

Since {x{,x3,...,x;} is linearly independent, for each j =1,2,...,n

Bj =D Bixilx) = 0.
k=1

P. Sam Johnson Some Results and Examples on Fredholm Alternative 67/84



Case 1 : When det A =0, what is N(A*) ?

Hence we have,

Since det A = det AT =0, we must have some non-zero solutions for j;'s.
Note that N(A*) C Span {x{,x3,...,x}}.

If the rank of AT is ¢ < n, then there are n — ¢ linearly independent
solutions. Thus A* is not one-to-one and the dimension of N(A*) = n — (.
Note that ranks of A and AT are the same.
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Case 1 : When det A =0, what is R(A) ?

Given y € X. Suppose x is a solution of Ax = y.
Then

n
X — ZXZ(X)X;( =y.
k=1

In order to solve

Ax=x—Kx =y,

it suffices to find Kx, that is, to find the scalars x;'(x), x5 (x), ..., x5 (x).

For each j,1 < j < n,

() = 32X (0% (%) = X ():
k=1
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Case 1 : When det A =0, what is R(A) ?

This implies that Z {(5J-k — xf(xk)}x[f(x) =xi(y), 1<

k=1
Hence

If det A = 0, the above system (20) has many solution for

x¢(x),1 < k < n, and the solution x is not unique because

n
x=y+ ZXZ(X)Xk.
k=1

(20)
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Case 1 : When det A =0, what is R(A) ?

If det A = 0, the above system (20) has many solution for
x5(x),1 < k < n. How to find these solutions?

We recall a theorem (Linear Algebra, by A. Ramachandra Rao and P.

Bhimasankaram, page 189) stated as follows:

Theorem 9.
The system Ax = b is consistent iff

ATu=0 = b'u=0.
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Case 1 : When det A =0, what is R(A) ?

In this case, (20) can be solved for those y which satisfy
aq
AT =0
implies Qn
aq
[50) %0 - || | =0
Qp

That is, (20) can be solved for those y which satisfy
> ap(y) =0
n J:1

Z [(51'/( — Xf(Xk)} Qj = 0, 1<k<n
j=1
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Case 1 : When det A =0, what is R(A) ?

Now we claim that R(A) is closed.
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Operators “close” to operators of finite rank

We now think about operators which are “close” to operators of finite
rank such that

|Kn — K|| = as n— oo.

Theorem 10.

Let X be a Banach space, and assume that K € B(X) is the limit in norm
of a sequence of operators of finite rank. If A= | — K, then R(A) is
closed in X, and dim N(A) = dim N(A*) < cc. FA-1(P-12)T-3
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What kind of operators are the limits in norm of operators

of finite rank?

If X is a Hilbert space, every compact operator is a limit in norm of

operators of finite rank.

Also, every compact operator on many well-known Banach spaces, is a

limit in norm of operators of finite rank.

If X is a Banach space, the hypotheses of the Theorem (10) may not be
fulfilled for some K € K(X). However, we are going to show that,

nevertheless, the conclusion is true.
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Operators “close” to compact operators

Theorem 11.
Let X be a normed space and Y a Banach space. If L is in B(X,Y) and
there is a sequence {K,} C K(X,Y) such that

IIL— Kal| = asn— oo

then L is in K(X,Y).
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Fredholm alternative

Theorem 12 (Fredholm alternative).

Let X be a Banach space and let K be an operator in K(X). Set
A=1-K.

Then, R(A) is closed in X and dim N(A) = dim N(A*) is finite.
In particular, either
R(A)=X and N(A)={0}

or

R(A)# X and N(A) % {0}.

FA-1(P-14)T-4
v
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Fredholm alternative

To prove the theorem, we need the following results : Let X, Y be Banach
spaces.

1. If Ac B(X,Y) with R(A) = Y, N(A) = {0}. Then A~! € B(X,Y).

2. If |A|| < 1, then | — A is invertible.

3. If Ae B(X,Y), then R(A) is closed if and only if there exists C > 0

such that
d(x,N(A)) < C||Ax||, forall x € X.
4. If Ais a linear operator from X to Y, then for each x in X and € > 0,

there is an element xg in X such that
AXO = AXv d(XOa N(A)) = d(X7 N(A))
and

d(x, N(A)) < [Ixoll < d(x,N(A)) +e.



Fredholm alternative

4. Let M be a proper closed subspace of a normed space X. Then for
each number r satisfying 0 < r < 1 there is an element x, € X such

that
Ix-]| =1 and d(x,M)>r.

5. Let M be a subspace of a normed space X, and suppose that xg is an
element of X satisfying d = d(xp, M) > 0. Then there exists x* € X*

such that
[x*l=1, x3(x)=d>0

and
x*(x) =0, forall x € M.
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Fredholm alternative

6. Let N be a subspace of X*, and suppose that xj is an element of X*
satisfying d = d(x§, N) > 0. Then there exists x € X such that

Il =1, x*(x)=d>0

and
x*(x) =0, forall x* e N.
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Fredholm Operators

If X is a Banach space and K € K(X), we have seen that A=/ — K has
closed range and that both N(A) and N(A*) are finite dimensional.

Operators having these properties form a very interesting class and arise
very frequently in applications. They are called Fredholm operators.
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Fredholm Operators

Definition 13.

Let X,Y be Banach spaces. An operator A € B(X,Y) is said to be
Fredholm operator from X to Y if

1. a(A) = dim N(A) is finite,
2. R(A) is closed in Y,
3. B(A) = dim N(A*) is finite.

The set of Fredholm operators from X to Y is denoted by ®(X,Y).

The index of a Fredholm operator is defined as

i(A) = a(A) = B(A).

If X =Y and K is a compact operator on X, then | — K is a Fredholm
operator and i(/ — K) = 0.
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Semi-Fredholm Operators

For Ae B(X,Y), if R(A) is closed and «(A) < oo (resp. S(A) < o0),
then A is called an upper semi-Fredholm (resp. lower semi-Fredholm)
operator.

The set of all upper semi-Fredholm operators is denoted by ¢ (X, Y) and
the set of all lower semi-Fredholm operators is denoted by ®_(X, Y).

Upper or lower semi-Fredholm operators are called semi-Fredholm
operators.

We shall discuss semi-Fredholm operators in the next lecture.
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